1 Linear regression model

We have a linear regression model in matrix form
y = XB + ¢~ N(0,0°1,), (1)

and from the lecture we know the OLS estimator for both 3 and o2 is
f o= (X'X)7'Xy, (2)

1.1 Conditional moment restriction

Under the OLS assumption 1.2, we assume ’Strict exogeneity’ which implies a zero conditional mean

E(61|X) = 0,

and the implication of this assumption are

E(El) = O,Vi = 1, .,

E(Xjei) = 07

That is the unconditional mean of error is zero and all the regressors are orthogonal to all the errors. Note

weak exogeneity is

E(xiei) = 0,

assumes that x; is just orthogonal to its comtemporaneous error €¢;. This is an example of an unconditional

moment restriction. Next, we can make a stronger assumption that
E(Gi‘Xi) = O,Vi = 1, .,
and this a conditional moment restriction. This conditional moment restriction also implies

E(f(xi)e;) =0,

that is not only x; is orthogonal to €; but also any function f of x; is orthogonal to €; too. We can show this
by writing the above term using the law of total expectation E(E(X|Y)) = E(X),

E(f(xi)ei) = BE(E(f(x:)e:)|xi),

Thus, since x; is non-random, we can move the f(x;) outside of the expectation operator and

E(f(xi)ei) = E(f(xi)E(eilxi)),

and using our conditional moment restriction F(e¢;|x;) =0



E(f(xi)ei) = E(f(x:)0),

E(f(Xi)Q‘) =0.

1.2 Proof of consistency

We know from the first the sampling error B—Bis
B—p=(X'X)"X,

Now want to prove that the OLS estimator is consistent which entails

p lim B=5,

n—o0
We first starting writing the (4) in a sample moment form
- 1 1
B—pf=(=XX)" =X,
n n
From the lecture notes we can define

1
(=X'X)"' =8},
n
1
7X/6 = gna
n
Thus,
B—B=8.8n

and want to prove

p lim (B—B)=p lim (S;}g) =0,

n—oQ n—r-00

(4)

(6)

The first step want to take in the proof, is apply Hayashi Lemma 2.3(a) (or Slutsky’s theorem) to (6) , for

example if we two scalar sequences {z,} — ¢ and {y,} — 7 then z,y, — d. Then
P P P

p lim (5-F)=p lim (S;))p lim (&),

n—o0o n—ro0

Next, we apply the strong law of large numbers (SLLN) where the sample mean converges to the population

mean (X! and E(g;)) and the continuous mapping theorem, that is z,, — = = f(z,) — f(z), (note we
P P

assumes that both y and X are jointly stationary and ergodic)

—1
x>

—1
x>

S.t—yl=81-—-%
a.s P

a.s

Note remember “Almost sure convergence” implies “Convergence in probability” which is what the

above two terms is showing. Thus,

p lim (3-B) =%, E(g),

n——0o0



Note, under the large sample distribution assumption for OLS, we assumed that 3., is non-singular (which
implies the inverse exist) and weak exogeneity, that is E(g;) = 0.

Therefore,

p lim (8- B)=1%.)0,

n—o0

n—o0o

Hence, the OLS estimator is consistent.

1.3 Proof of the OLS estimator is asymptotic Normality

We want to prove that

V(B = B) —» N(0,%,;S%,), (7)
The first step of this proof is we want to use the sampling error
B =B =S8
Next, we multiply both sides with 1/n

\/E(B - ﬁ) = \/ﬁsgxlgm

Note, multiplying +/n on both sides ensure that we do not converge to a degenerate distribution, and it

converges to a well-defined distribution. Next, we apply the Slutsky theorem (or Hayashi Lemma 2.4) where

Xn —> X, X ~ N(0,%), and A,, — A then A,x, — N(0,AXA’). In this proof, we can assume A, = S}
P

and x, = v/ng,. Note, from the proof in consistency we already know that

-1
T

Soh — %
p
Now, for \/ng,, we apply assumption 2.5 and using the central limit theorem we get
\/ﬁgn 7 N(Oa S),
where S = FJ[g;g}] is the asymptotic variance of g,,. Then applying the Slutsky theorem, we get
VS g — N(0,35;855)),
since where assume that the ¥, is symmetric matrix, then X! = %21, Thus, we have proved that

V(B = B) —» N(0,%,;8%,;).

If we assume conidtional homoskedasticity and independence, then



where S = E[g;gl] = Eleix;x}| = Ele}|E[x;x] = E[E[eZx;x}|x;]] = E[x;x,E[e?|x;]] = 0?E[x;x}] = 0%%,..
Thus,

V(B = B) —» N(0, 55, 0%, Ty,

since ¥, 2.l =1

V(3 B) —> N(0.0*5,2).

Note conidtional homoskedasticity and independence implies

S = Elgigl] = Ele2x;x}] = E[e]]E[x;X}] = 0?4,

% %

2 Method of moments

The basic intuition behind the method of moments (MM) is that you want to set the population parameter
moments to the sample moments. In this section, we want to derive the OLS estimator using MM. Let’s first

start by recappping the weak exogeneity assumption

E(x;ie;) = E(xi(y; —xi8)) = E(g:i) =0, (8)

This weak exogeneity assumption can also called the population moment condition. Next, we want to derive

the corresponding sample moment for the above equation. Let’s first define some terms

& =y — %iBo,

where ¢; is the estimated residuals and 3, is an estimator of 3. Using the above term, we can derive the sample

moment

o 1 & A I . 1 A
g(fo) = Zgi(ﬁo) = inéi = Z x;(yi — %ifo),
i=1 i=1 i=1
We can rewrite the above term is matrix form

Q(BO) = !

Now for the MM, want to set

1 5 1 1 A
X'e=—X'(y — Xf) = X'y - —X'X,,
n n n

n

1 1 ~
“X'y - ~X'X[, =0,
n n



1 1 A
X'y = =X'Xf,,
n n

X'y = X'Xf,,
Pre-multiply both sides by (X'X)~1,
(X'X) X'y = (X'X)"'X'X}3,,
Since (X'X)"}(X'X) =1

Bo = Bors = (X'X) X'y,

which is the OLS estimator.

2.1 With instrumental variables

With instrumental variables (IV), we have some linear regression function form of (1) but now have a n x L
matrix Z of instruments. Recapping, X is a n X K matrix of regressors. L is denoted as the no. of instruments
and K is the no. of regressors. IV is used when there are endogenity presence in the regressors. Similar to the
OLS weak exogeneity assumption, there is also a condition associated for the instruments

E(zie;) = E(zi(yi —xi8)) = E(g:) = 0,

Note z; can interpreted as the vector the instruments for the i observation. In a similar fashion, we can use
the estimated residuals é; and an estimator of /3, BO, to derive the corresponding sample moment for the above

term

. 1 — . lew . 1 .
g(bo) = n Zgz‘(ﬂo) =n Zziﬁi = Zzl(yz —xif0),
i=1 i=1 i
We can rewrite the above term is matrix form

_ A 1,. 1 5 1 1 A
8(Po) = —Z'e=—-Z'(y —Xp,y) = —Z'y — —Z'Xp,,
n n n n

Next, if we assume L = K, that is the no. of instruments exactly equal the no. of regressors, then we can use

MM to derive the IV estimator. First, we set the set population moment equal to sample moment

g(Bo) = E(gi),

Note, from the population moment condition, we have

1 1,0
—~Z'y — —Z'XB, =0,
n n



1 1 N
~Z'y = —Z'Xp,,
n n

Z'y = Z'Xj,,
Pre-multiply both sides by (Z'X)~1,
(Z'X)"'Z'y = (Z'X)"'Z'X}3,,

Since (Z'X)"1(Z'X) =1

Bo = Brv = (ZX)"'Z'y,

which is the IV estimator.

3 GMM

When we have the no. of instruments greater than the no. of regressor L > K, we have an overidentified
model and MM cannot work. We have to use Generalised method of moments (GMM). In the GMM approach,
we use this weighting matrix W,, and rewrite the moment conditions in quadratic form. Thus, we derive the
GMM estimator by

B = argmin{ng(5o) W,g(f)}, (9)
Bo
A : 1 / 1 N A\ 1 / 1 INC A
Bamm = argminn(—2'y — —Z'X[,) W, (=2Z'y — =Z'X0,), (10)
o n n n n

This is similar to minimising the SSR of the linear regression model to derive the OLS estimator. Taking the

first-order condition respect to BO and setting it equal to 0, will yield
Pern = (X'ZW,2'X) "' X'ZW,, Zy, (11)
Benn = (X'ZW,Z'X) ' X'ZW, Z (X8 + ¢), (12)
and if we substitute (1) into the above term, we get the sampling error of
Bonma — 8= (X'ZW,Z'X) ' X'ZW, Z ¢, (13)

3.1 Proof of consistency
Next, we want to rewrite the sampling error BG MM — B into a sample moment form
2 1 1 1 l -1 1 1 1 1
Bomm — B =(=X"ZW,—Z'X)"" —=X'"ZW, —Z'e, (14)
n n n n

If we define



1
Syx = —Z'X,
n

(1]
I

—Ze,
n
Then,

Borvn — B = (SyxW,Szx) 'S,y W,.g, (15)

Similar to the OLS proof of consistency, we want to show

p lim Beum =B,
n—oo

The first step of this proof is to apply Hayashi Lemma 2.3(a) (or Slutsky’s theorem) that is

p lim (Baarn —B) =p lim {(S;xWaSzx) 'S, xWag}, (16)

. N _ . 4 —1 . 4 . . _
Pnlgnoo(ﬂGMM B) Pn@m((szanszx) ) xp lim (Syx) Xpnhﬂm (Wp) xp lim (g), (17)

n—o0 oo n—oQ

Next, we apply the strong law of large numbers (SLLN) where the sample mean converges to the population

mean and the continuous mapping theorem,

!’ ! ! ’
Szx —>a S Yzx:= Szx —>p Xzx

gn — E(gl)7: gn T E(gi>7

a.s

W, —W, =W, —W,
a.s p

Note we also have a weak exogeneity assumption, that is E(g;) = 0. Therefore,

Pn@m(BGMAI —B) = (SzxWSzx) ™ x Syzx x W x 0, (18)

p lim (Bevm — B) = 0,4, Bavn — B,
n—>o0 p

Therefore, the GMM estimator is consistent.

3.2 Proof the GMM estimator asymptotic Normality

We want to prove that

V(B = B) = N(O, (Szx Wzx) ! (Szx WSWE2x) (S WE2x) ™), (19)

The first step of this proof is we want to use the sampling error



Banar — B =(SyxW,Szx) 'S, W,g, (20)

Next, we multiply both sides with /n

Vi(Baaar — B) = \/E(S/ZXWnSZX)ilsIZXanina (21)

Note, multiplying +/n on both sides ensure that we do not converge to a degenerate distribution, and it

converges to a well-defined distribution. Next, we apply the Slutsky theorem (or Hayashi Lemma 2.4) where

Xp 7) x,x ~ N(0,X), and A,, — A then A,x, — N(0,AXA’). In this proof, we can assume A, =
p

(S/ZXWnSZX)“SIZXWn and x, = v/ng,. Note, from the proof in consistency we already know that

! ’ ’
Szx —>as Yzx,= Szx _>p Yyxs

W, - W,=W, —W,
a.s j2

Therefore A = (X,xWXzx) 12, W and A’ = WE,x(X,xWXzx)"'. Similar to the OLS proof, for

\/ngn, we apply assumption 35 and using the central limit theorem we get

where S = Elg;g!] is the asymptotic variance of g,. Thus, applying the Slutsky theorem, we get

Vi(Beanar = B) — N0, (S7x WEzx) ' 87 x WSWE2x (S, WEzx) ),

Thus, we have proved that the GMM estimator is asymptotic normal.

4 Other

4.1 OLS

Consider a linear regression model with no constant

Yi = x84+ €, (22)
and the OLS estimator is

bt (23)

We want to get the above equation in sample error form so we subsititute (22) into (23)

> wi(xiB + €)
> “T% 7
2B i

+

B =

B =




2 Tiki
>

~ _Zixiei
/8_6_ leg )

Next, we want to get the above term in sample moment form (similar to section 1.2 or the OLS proof of

B=pB+

cousistency)

We want to find

pgggw—ﬁ%ﬂ%g%(%zﬂﬁx

Firstly, we can apply Hayashi Lemma 2.3(a) (or Slutsky’s theorem) that is

1 1 . .
P lim (B — ﬂ) — phmng’oo(ﬁlzi xz;z)

n——0o0 plimn—»&(ﬁ ZZ xz) ,

Next, we apply the strong law of large numbers (SLLN) where the sample mean converges to the population

mean and the continuous mapping theorem (note we assumes that both y and X are jointly stationary and
ergodic)

1 _ _ 1 _ _
(gzl‘?) 1E>E($?) 17:>(529%2) 17E($§) .
7 [

a

1 1
— 11*>E i€i )y => — 11*)E i€i ),
n%xe ~ (z5€;) n%xe . (z€;)

Note remember “Almost sure convergence” implies “Convergence in probability’” which is what the
above two terms is showing.
Thus,

p lim (8—p)=

n—so00 E(ng) ’

(24)

However, here we assumed that FE(xz;e;) # 0 which does not imply plimn_,oo(B — ) =0 . Note the terms in
(24) are used to the calculate the covariance (cov(z;e;) = FE(x€¢;) — E(x;)E(e;)) and the variance(var(z;) =
E(2?) — E(x;)?), therefore (24) can be loosely written as

3

p lim (3 ) = A0

, 25
n—ro0 Uafr(xi) ( )
Since the denominator is always positive, the sign of the inconsistency in the OLS estimator is given by the
numerator. If the regressor is positively correlated with the error, the OLS estimator is biased upwards; if the

regressor is negatively correlated with the error, the OLS estimator is biased downwards.



4.2 IV

Consider a linear regression model with no constant

Yi = x84+ ¢, (26)

and the IV estimator is

ﬁw = Wa (27)

We want to get the above equation in sample error form so we subsititute (26) into (27)

> zi(xif+€)
izt

A Z 2 zﬁ Z Zi€q

Bi'u =

Pro = 3z Z ziw;
A Z Zi€4
Biv = Z p
Biv -B= ZZ S

>zt
Next, we want to get the above term in sample moment form (similar to section 1.2 or the OLS proof of

consistency)

5 § D Zii
61'1) - ﬁ =1 _ _
S %
We want to find

1
p lim (Bw—ﬂ) v hm ( w i Zzel)

)
n—» o0 1 Z 2iT;

Firstly, we can apply Hayashi Lemma 2.3(a) (or Slutsky’s theorem) that is

plim, oo (230, 2i€5)
phmn_)oo(% El zixi) ’

p lim (B —B) =

Next, we apply the strong law of large numbers (SLLN) where the sample mean converges to the population
mean and the continuous mapping theorem (note we assumes that both y, X and Z are jointly stationary and
ergodic)

1 _ _ 1 _ _
(;Zzzxz) 1 E>E(zz:vz) 1’:>(ﬁzzixi) 1 7>E(zizi) L

- z:zzeZ —> E(zi€;), = z:zzeZ —> E(z;€;),

a.

10



Note remember “Almost sure convergence” implies “Convergence in probability” which is what the
above two terms is showing.
Thus,
: - E(z€;
p lim (B, — B) = Elze) (28)

n—»0o0 E(ZZ.TZ) ’
However, here we assumed that E(z;e;) # 0 which does not imply plimnﬂoo(ﬁw — ) = 0. Note the
terms in (28) are used to the calculate the covariance (cov(zi€e;) = E(z€;) — E(z)E(e;) and cov(ziz;) =
E(zx;) — E(2;)E(x;)), therefore (28) can be loosely written as

cov(z;€;)

p,lim (B =)= TS B

Either way, it is the covariance of the instrument and the error divided by the covariance of the instrument
and the regressor. Now the sign depends on both the numerator and denominator. If the instrument is
positively correlated with the regressor, the denominator is positive, and the sign of the inconsistency in the
IV estimator is given by sign of the correlation between the instrument and the error (positive —upward bias,
negative—downward bias). If the instrument is negatively correlated with the regressor, the denonminator is
negative and the sign of the inconsistency in the IV estimator is the opposite of the sign of the correlation

between the instrument and the error.

5 Heteroskedascity and autocorrelation

Assume we have time-series data and we believe there is both heteroskedascity and serial correlation presence
in the data. A non-parametric approach, that is we does not assume any specific functional form regarding
the heteroskedascity and the serial correlation, is to use the heteroskedastic and autocorrelation-consistent
covariance (HAC) estimator Sgac based on lecture 7. This HAC estimator is a consistent estimator of S, which
means we are able to construct the asymptotic variance of 3 or AVAAR(B) that is robust to heteroskedasticity
and autocorrelation.

For the parameteric approach, we could assume an ARMA representation that explicitly takes into consider-

ation both heteroskedascity and serial correlation, for instance ARMA(2,2)

Y = C+ Pryi—1 + PaYi—2 + Ooero + 16,1 + €, 60 ~ N(0,07), (30)

The serial correlation comes via fo¢;_o + 016,71 and the heteroskedascity comes via ot2 (that is the variance
varies across time periods). There are two ways to estimate (30), either the Frequentist or the Bayesian
approach. In the frequentist approach, a standard way to estimate an ARMA model is through maximum
likelihood (ML). ML is a method of estimating the parameters of a probability distribution by maximising a
likelihood function, so that under the assumed statistical model the observed data is most probable. However,
there can be issues with ML, for instance a model’s likelihood function could contain various local maximums,
which implies that the starting value of the optimisation of the ML is very important. It is for this reason,
majority of the ARMA models in the macroeconometrics literature are now estimated via a Bayesian approach
as it is more flexible compared to standard frequentist approach. For example, a good Bayesian paper on
ARMA models “Stochastic volatility models with ARMA innovations: An application to G7 inflation” is by
Zhang et al. (2020) that is published in the International Journal of Forecasting.
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