Tutorial 1

October 14, 2020

1 Linear regression model

We have a linear regression in matrix form

y=XB+¢€en~ N(O,O’QIH),

and from the lecture we know the OLS estimator for both 8 and o2 is
B — (Xlx)—lx/y’

s2_ (v = XP)'(y — Xp)
n—k

How do we get the projection matrix? First, we can see that the fitted values are

y =Xp,

and we can substitute (2) into (4) then it becomes
¥y =X(X'X)"'X'y

where the projection matrix is P = X(X'X)~1X’.

The annihilation matrix or the residual maker can be derived through the residuals

e:y_XB7

and we can substitute (2) into (5)

e=y - X(X'X)"'Xy,

e=(I-X(X'X)'X"y,

e = My,

(5)



where M = (I — X(X’X)"'X’) can be seen as a matrix that makes the residuals out of y. We want to show
for both the projection and annihilation matrix they are symmetric and idempotent. Let define a matrix A
then the matrix A is symmetric if

A=AT

)

and A is idempotent if
A=A?
Therefore, let’s prove M and P are symmetric

P/ — (X(X/X)flxl)/

P = X(X'X)"'X’

Note X’X is always symmetric. A similar logic can be applied to the M matrix. To show that M is idempotent
then

M? = (I - X(X'X)" ' X)(I - X(X'X)"'X)

M? =17 - 2X(X'X) " !'X/ + X(X'X) ' X'X(X'X) "' X

M? =12 - 2X(X'X) !X/ + X(X'X) "' X/

M? =1- X(X'X)"'X’

M2 =M.

A similar logic can be applied to P.
Next, we want to show that the MSE(0) = Var() + bias(0)2. Let’s assume that we know E(f) = 0. Thus,
the MSE can be written in the form

MSE(9) = E[(6 - 6)*],

Next we can add and subtract the 6 from the term



We can use the linear expectation operator rule
MSE(6) = E[(6 - 0)*) - 2E[(0 — 0)(6 — 6)] + E[(0 - 0)*)],

Note if X is a random variable then the variance is var(X) = E(X — E(X))2. Therefore E[(0 —0)2] = Var(f).
Note here E(f) — 6 = 0 (from the above assumption), thus the term 2E[(f — 0)(6 — )] = 0. As a result,

MSE(®) = Var(0) + E[(6 — 6)?)],
By definition E[(6 — 0)] is defined as the bias for 6. Thus,
MSE(®) = Var(0) + bias(0)?.
2 OLS estimator
From (2) we know the OLS estimator for 5 is
f=(X'X)"'Xy,
We can substitute (1) into (2)

f=(X'X)"'X'(XB +e),

B=(X'X)'X'XB + (X'X) X,
Since (X'X)~!X'X =1, then
f=p+XX)"'Xe,
Thus the sampling error is
B—p=XX)"'Xe.
For the OLS estimator 3 to be unbiased, we want to show E(3 — 3/X) = 0. Thus,
E(3 - BIX) = B(X'X)"'X'¢[X),

Since the matrix X is known, the only random variable in the above term is € and from (1) we know that it

is normally distributed with a mean equal to zero, E(e|X) =0
E(8 - BIX) = (X'X) ' X'E(e[X),

Thus,



E(B - BIX) = (X'X)"' X0,

E(B - B1X) =0.

We now want to find the variance of the OLS estimator 3, var(f), from (2)

var(B) = var(X'X)"'X'y),

var(B) = (X'X) "X var(y|X),

Note assume z ~ N(0,) and A is a known matrix. Then the variance of V(Az) = AV(2)A’ = AQA’. You
can see in the above term that A is (X'X)~1X’. Therefore, we know ((X'X)~!X’) = X(X'X)~!. Remember

X’X is a symmetric matrix. Thus,
var(B) = (X'X) ' X var(y|X)X(X'X) !,
From (1) we know var(y|X) = ¢*I. Thus,

var(B) = (X'X) "' X/'¢?IX (X'X) 71,

2

Since o is scalar, we can move it to the front

var(f) = o?(X'X) T IX/X(X'X) !,
Since, (X'X)"!1X'X =1, then

var(B) = o*(X'X) L.

3 GLS estimator

If we violate the assumption 1.4, that is the conditional homoskedasticity and independence, the linear regres-

sion model becomes

y:XB+€7ENN(0702V)a (6)

where V is a known, symmetric and positive definite matrix. The inverse of V! also exist and can decomposed
as V-1 = C'C. We can premultiply (6) with C

Cy = CXf + Ce,e ~ N(0,0?%),



y=XB+éé~ N(0,02CC),

ol
I
Q
Q
I
<

where §y = Cy, X = CX and V = CC'. Note (V-1)~! = (C'C)"! = (V"2 V-2)"l = ViV
Therefore the GLS estimator for S is

Bars = (X'VIX)"IX'Vly, (7)

What is sampling error Sgrs — 37 We can substitute (6) into (7), therefore

Bars = (X'VIX)TIX'V (XS + ),

Bars = (X'VIX)IX'VIXB + (X'VIX)IX'V 1,
since (X'V~I1X)"IX'V~IX = I then

BGLS =0+ (X/V_1X)_1X'V_1e,

Bors — = (X'VIX) X'V~ le
Next, we want to show that Scys is an unbiased estimator which implies F (BG 1s|X) = B. Therefore we want

to show E(Bars|X)— B =0, and E(Bars|X) — S can be equivalent to E(Bgrs — B|X). Given that we already
know BGLS — (3, then

E(Bars|X) — B = BE(Bars — BX),

E(BarsX) — B = B(X'V'X) X'V 1X),

Note that X and V are known matrices, they are not random variables. The only random variable defined in

this term is € and we know from the normality assumption that E(e|X) = 0. Therefore,

E(Bars|X) — = (X'V'X) X'V B(e]X),

E(BaLs|X) — 8= (X'V'X)"'X'V~o,

E(Bgrs|X) — =0 < E(Bars|X) =B

Next, we want to show the variance of the V(BaLs|X) = 02(X’V~1X)~1. Using (7) we want to find

V(Bors|X) = V(X'VIX)' X'V ly),



V(BorsX) = (X'VTIX)TIX'VTIV(y[X)),

Note: assume z ~ N(0,9) and A is a known matrix. Then the variance of V(Az) = AV(2)A’ = AQA’.
You can see in the above term that A is (X’V~!X)~!X'V~1. Therefore, we know ((X'V71X)"1X'V~1) =
V- IX(X'V~1X)~!. Remember both Vand X’X are known and symmetric matrices. Thus,

V(Bars|X) = (X'V'X) X'V IV (y[X) VXXV X)),
From (6) we know V (y|X) = 0%V,
V(Bers|X) = (X'VIX) ' X'V IP2VVIX(X'VTIX) ),
since VV~1 =1,
V(Bars|X) = ?(X'VIX)IX'VTIX(X'VIX) ™),
and X'V1IX(X'V~1X)~! =1, then we get

V(Bars|X) = c2(X'V1X)~.

4 FGLS

In GLS, the matrix V is assumed be known but in practice usually Vis unknown and infeasible. As a result,
an estimator of V, that is V, has be undertaken. When estimation of V is involved then it becomes FGLS.
Essentially the FGLS is a two step estimation, that is first estimate V and then plug this V back into (6) and
compute (7). However, the issue now is that V becomes a random variable as it is typically a function of the
data. Therefore, the standard proof of unbiasedness and the variance described above for the GLS estimator
cannot be implemented for the FGLS estimator. For example, in the above section we showed that

E(Bars|X) — 8 = (X'VIX)" X'V E(¢X),
However, for the FGLS estimator this is not true since V is a random variable.
E(Brers|X) — B # (X'VIX)TIX'VLE(¢X),

Note before in the GLS, the matrix V was assumed to be known and not a random variable. Similarly, the
variance of the FGLS estimator does not hold too

V(Brers|X) # (X'VIX)T'X'V IV (y]X)).



